A desktop experiment to demonstrate the linear and quadratic velocity dependence of drag on an object falling in a resistive medium was developed for an undergraduate laboratory. The motion of ball bearings dropped into a cylinder filled with fluid is captured and measured using computer-based imaging. The terminal velocity of falling spheres is measured as a function of size at low and high Reynolds number, and the results are compared to predicted scaling laws for models containing a drag force that is linear or quadratic with velocity.
Introduction
A popular topic of study for students in introductory physics is the description of objects falling through a resistive medium. The drag on an object is generally dependent on its velocity, v, and there exist two regimes where this dependence is either linear or quadratic. The parameter that differentiates these two regimes is the Reynolds number, Re, which is the ratio of inertial to viscous forces,
where ρ is the fluid density, l is the characteristic cross-sectional length, v is the velocity and η is the dynamic fluid viscosity. At high Reynolds number (Re > 10 3 ), drag is approximately dependent on the square of the velocity. Most textbook examples of falling objects (e.g. apples, projectiles, sky divers, etc) are high Reynolds phenomena. Less familiar are objects moving at low Reynolds number (Re 1) [1] . For small objects, moving slowly, through a viscous fluid, such as motile microorganisms or sedimenting sand, drag is linear with velocity. While drag is sometimes introduced at the introductory level [2] , the treatment is often cursory and the distinction between linear and quadratic drag is not discussed. When the drag force is linear or quadratic with velocity, analytic solutions to the equation of motions exist, and so with a little work a more comprehensive treatment can be given.
Unfortunately, demonstrating linear and quadratic drag in the laboratory is difficult due to the range of speeds typically needed to go from one regime to another. Laboratories incorporating drag have been published but they either focus on a single regime of drag or use outdated experimental techniques that can now be modernized [3, 4] . In our desktop experiment, the motions of small spheres falling in fluids at high and low Reynolds number are measured using computer video imaging. The students solve the equations of motion for falling spheres at high and low Reynolds number and determine how the terminal velocity should scale with the size of the spheres for the two models of drag. They then make measurements to verify their results.
Theory
The equation of motion for an object falling in a fluid is
where f d (v) is the velocity-dependent drag force and M is the effective mass of the object corrected for buoyancy, m g. For speeds below the onset of turbulence, the drag term can be written generally as
where ρ is the density of the fluid, C d is the drag coefficient, A is the cross-sectional area and v is the velocity of the object. The drag coefficient, C d , depends on the Reynolds number (figure 1) [5] . Numerous examples of curve fits to empirical data have been published [6] . Here we give one example that extends up to a Reynolds number of 2 × 10 5 [7] ,
Low Reynolds number
At low Reynolds number (Re < 1) the first term in equation (4) 
This is the well-known equation for the Stokes drag force, which is valid at low Re. In this regime, inertial forces are negligible and viscous forces dominate. From (2), we see that the terminal velocity, v ter , of a falling sphere is
and that the general solution is
where τ = m/6πηr. To determine how the terminal velocity scales with r we need to identify all factors that are dependent on the radius of the sphere. Since M varies with the volume of the sphere, we get:
where C contains terms independent of r. So the terminal velocity of a falling sphere at low Reynolds number is quadratic with the radius, v ter ∝ r 2 .
High Reynolds number
At high Reynolds number (10 3 < Re < 10 5 ) we can see from figure 1 that
where we assume m ∼ M . The terminal velocity, v ter , is
and the general solution is
All terms in equation (10) are constant with respect to sphere size (r), except for m ∝ r 3 and A ∝ r 2 . So the terminal velocity of a falling sphere at high Reynolds number scales with the square root of the radius, v ter ∝ r 1/2 .
The experiment
Ball bearings 1 made of aluminium and steel were dropped into graduated cylinders containing water or glycerol. A CMOS camera 2 with a 25 mm lens was placed approximately 1/2 m from the cylinder and a piece of white cardboard was placed directly behind the cylinder to increase the contrast of the image. Video of falling spheres in fluid was captured using custom programs written in LabVIEW 3 on a PC. The images were analysed in ImageJ 4 , and calculations and curve-fitting were done using MATLAB 5 .
Low Reynolds number
To reach low Reynolds numbers we dropped aluminium spheres (r = 0.08-0.16 cm) in a 100 ml graduated cylinder filled with 98% glycerol 6 at room temperature. The glycerol viscosity at room temperature was measured to be 9.34 g cm −3 using a Cannon-Fenske routine viscometer and the density of the glycerol was taken to be 1.26 g cm −3 . With an exponential time constant of τ < 1 ms (see equation (7)), the approach to terminal velocity was too fast to be measured, as expected.
The images of the gracefully falling spheres were captured at one or two frames per second. Images were imported into ImageJ, and the x-and y-coordinate of the sphere in each frame were determined by clicking on the centre of the sphere using ImageJ's built-in measurement tool (crosshair). Images were calibrated for length by imaging a ruler at the same location of the falling spheres. The sphere's position data were imported into MATLAB and converted to position versus time. The average and standard deviation of the terminal velocity was calculated for five spheres for each sphere size.
While low Reynolds number flows are characterized by small velocity gradients, their length scales are long, and so the movement through the fluid can be affected by boundaries. This effect in falling ball viscometry is well known and so we used a correction factor to account for the wall proximity [8] :
where v meas is the experimentally measured terminal velocity, d is the diameter of the sphere, D is the diameter of the cylinder, and v exp is the expected velocity of the sphere if it were falling in an unbounded fluid. The logarithm of the average terminal velocity versus the logarithm of the radius is shown in figure 2 for both the observed and corrected terminal velocities. The Reynolds number for the spheres ranged from 4.1 × 10 −3 to 33 × 10 −3 , well within the low Reynolds number range assumed for the linear drag model. For the corrected velocity we obtained an exponent of a = 2.0 ± 0.1 (95% confidence), which is the expected quadratic relationship.
High Reynolds number
To reach high Reynolds numbers, we dropped stainless steel spheres (r = 0.08-0.32 cm) into 1000 ml graduated cylinders filled with water. We measured the viscosity of water to be 9.8 × 10 −3 g cm −1 s −1 with a falling ball viscometer and we took the density of water to be 1 g cm −3 and the density of stainless steel to be 8.02 g cm −3 . We choose the size of the cylinder to be sufficiently tall to allow the spheres to reach terminal velocity. Since the terminal velocity of the spheres in water is much larger than in glycerol, we used a different method to measure the velocity of the sphere. As before, we acquired frames of the sphere falling from the point of release. But for the high Re case, we adjusted the shutter speed of the camera so that during each frame capture, the distance that the sphere moved could be determined by measuring the length of its blurred image (figure 3). The sphere velocity for each frame was calculated by dividing this measured distance by the exposure time.
The logarithm of the average terminal velocity plotted as a function of the logarithm of the radius can be seen in figure 4 . The Reynolds number ranged from 920 to 7500. A curve fit to the data produced an exponent of a = 0.46 ± 0.07 (95% confidence), which is close to the predicted one-half power relationship.
At high Reynolds number, the sphere's approach to terminal velocity is slow enough to be measured with our system (figure 3). We chose a sequence of images that showed an initial velocity as close as possible to zero at the time of release and calculated the velocity of the sphere using the same method as above. The approach to terminal velocity for a single sphere shows a reasonable match to the general solution (figure 5).
Discussion
The experiment as described effectively demonstrates the velocity dependence of drag at high and low Reynolds number. Students are introduced to a general theoretical framework that can be applied to two limiting conditions and perform experiments using scaling relationships to verify the applicability of the theory in these two cases.
The design of the experiment is simple enough to be assembled by first-year students and compact enough to be performed on the desktop or a small section of lab bench. The semi-automated methods of data collection removed much of the tedium associated with laboratories in this general category, and allowed measurements accurate enough for most students to get excellent agreement between theory and measurement. The computer imaging and measurement techniques used here can be accomplished with a variety of systems at a lower cost than what has been described. For example, inexpensive 'webcams' and image capture programs are available for both Microsoft Windows-based and Macintosh computers, and the public domain image processing program, ImageJ, is freely available.
The experiment was performed by 35 first-year students, as a first experiment, in a new integrated science course. General feedback from the students was positive. To try and avoid the typical pre-fabricated nature of many introductory laboratories, we had students assemble their experimental setups from supplied parts and run preliminary experiments to optimize their final configuration. The students found the computer video-based imaging and measurement to be intuitive. Execution of the experiment was well within the capability of all the students and most got satisfactory fits to their high and low Reynolds number data. Some students using MATLAB for the first time had difficulty and needed to resort to more familiar tools such as EXCEL or calculators, but none had problems manipulating and fitting the data. The most advanced students were challenged by the derivation of the general solutions to the equation of motions while students with the least preparation could handle the simpler derivations of the terminal velocity and scaling relations.
